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By PaulKuhnandJamesP.Peterson

Themethodofcalculattigshear-lageffectsinaxiallyloadedpanels
bymeansofthepreviouslydevelopedconceptofthe“substitutesingle-
strlngerpanel”is simplifiedby en empiricalexpressionforthewidthof
thesubstitutepanelWch eliminatestheneedforsuccessiveapprox5ma–
tions. Forsirqlety_pesof sin@~tringerpanels,a theorynotdependent
ontheassumptionofTnfin;tetransversestiffnessis developedthatcan
beusedto estimatetheeffectoftransversestiffnessonthestressesin
practicalpanels.Strainmeasurementsonfivepanelsindicatethatthe
theoryshould%e adeqzatefordesignpurposesandthattheeffectof
transversestiffnessmaybe appreciable.

Theprollaof introductigconcentrateedforcesat oneendofa
longitudinallystiffenedpanelisa ,$undamntalme intheshe~lag
theoryandhasbeentreatedby a numiberofauthors.Thesolutions
obtainedby standardmethotiofanalysisarequitecunibersomeevenfor
~snelsofconstentcrosssecticm,andmostofthemarenotapplicative
tothepracticalcaseofpemelbwitharbitrarilyvariablecrosssection.
Moreover,almostallthesesolutionsarebasedontheassumptionof
infinitetrsmsversestiffluessofthepenel;thisassumptionleadsto
theresultthatthemaximumshearstressis infinitewhenthereereno
discretestringersattaohedtothesheet,a resultwhichis somch in
errorastohe uselesstothestressanalyst.Fora finitenumiberof
stringers,theerrorbecomesfinitebutisstillappreciableh theusual
rangeofstringernunibers.

Tnen efforttoprovidea practicelmethodofshear-laganalysis,
anapprorlmate“substitutesfngk-stringermethcd”waspresentedin
reference1. Althoughthismethodisalsobasedontheassumptionof
Winite transversestiffness,itdoesnotgiveinfiniteshearstresses
asthemathematicallymorerigorousmethodsdo;infact,theagreement
betweenthistheoryandesrlytestswasfoundtobe fairlygood(refer-
ence2). Furtherstudyoftheproblaindicated,however,thatsome
investigationofthe~luence offinitetransversestiffnesswas
desirable.Theresultsofthisinvestigationarepresentedinthis
paper.
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Reference1 describesa successiv=pproximationmethd forlocating *
thesubstitutesinglestrtnger.~ viewoftheapprodmatenatureofthe
method,however,successiveapproximationsappeartobe anumarranted
complicatim.A “one-step”mdhod isthereforedevelopedto locatethe
substitutestr~r. Althou@thissubjectistheoreticallynotdirectly
relatedtothatoff~te transversestiffluess,it.wasfoundnecessaryto
investigatethetwosubjectssimultaneously,becausethOformulas
developedrestpartlyonan ampiricalbasis,andh teststhetwoproblems
cemnotbe separatedentirely.

Thereferencematerial,particularlythatofa theoreticalnature,is
scatteredamcmga numberofpapers.lh orderto elintnatethenecessity
thatthereaderreferto allthesepapers,thepresentinvestigatim
incorporatesa generaldiscussionoftheapproximatemethodandofthe
relevantfeaturesoftherigorous~thOas.

SYMBOIS

A exea,scpareinches .

E Young!smodulus,poundspersquareinch

G shearmodulus,poundspersqzareinch

J#.g

1? efiemd loadonhalfpanel,pounds

II hdf+dth ofsingl~tri.ngerpenel,inches

b-! transversedistancefromcentroidofflangeto commoncentroid
of stringersh half-panel

-b~ transversedistancefrcmflange

f
blJ

= b~

to substitutesinglestringer

,~

n tier of str@ers inhalfpanel

t sheetthiclmess,inches(withoutsubscriptdenotesshearcsrrying
sheet)

x distencefrcmtipofpanel,tichea .

—...__ —--— -–-
-‘.



IW4ATIv

a

T

NO.1728

directstress,poundspersquareinch

sheerstress,poundsyerqzsre inch
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Subscripts:

F flemge

L longitudinalor stringer

R chordwiserib

s denotes

T total

o denotes

c denotes

substitutepanel

stationattip (x= O)

centroidof stringermaterial

MEcHoDsAlmlmAImEs

Theoryof‘singl*inger panel ofinfinitetransversesti&?ness.—
Thesingl~trhgerpenelasvisualizedh thes@ilifiedshear-lag
theoryconsistsoftwoflangesF (fig.l(a)),a str@er L, a connecting
sheetcapableofdevelopingonlyshearstiesses,anda systemoftransverse
ribs. Theribsareassumedtobe infinitelycloselyspaced;iftheyare
alsoassumedtohaveinfiniteaxialstiffness,theydonotenterintothe
theoryexplicitly@ willthereforenotbe showninthefigures.Tbrough–
outthisTaper,symmtryaboutthelongitudhalaxisisassumedto e~st
sothat@e analysiscembe confinedtothehalf~el.

Fora penelofconstmtcrosssectim,theeqyationsofequilibrium
oftheelements(fig.l(b))meld therelatims

+F d~ =Tt&=ALduL (1)

H thetransversestiffnessisinfinite,theincrementalshearstress
causedby thedifferencebetweenq -

&=-. q~ %’- CFL)ax (2)

Differentiationofexpression(2)and.
for dq and d% fromequation(1)

substituticmintoit of.thevalues
givesthedifferential.equation

d2 T~–J@7=o (3)

———— —--. — .—. — —... .- —.. — ———._-—
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Forthepresentpurpose,
panels. Thesolutionof

attenti~maybe confinedto infinitelylong
equation(3) isthen

(4)

(5)

A simplesolutionmayalsobe obtajnedfora panelinwhichtheflangeis
taperedsoastomatitaticmstantflangestr&3s(figo2(a)). The -
equilibriumequationsarethen(fig.2(b))

~d.AF=fi~=ALdcrL (6)

Relaticm(2)stillappliesandthedifferenti~equationforthiscase
takesagaintheformof equation(3) with %2

where

Thesolutiauis

%#L +xr= —e
tA~

o

where AFO denotesthecross-sectionalareaof

Thecross+ectionalarea AF necessaryto

m-bstitutedfor K’j

t

(7)

(8)

theflangeatthetip.

maintainq constant,
obtainedby substitutingequation(8) @to eqpation(6) andintegrating,
is

H AFO< +, a constsntvalueof q cannotbe obtahed.

(9)

RiRoroustheoryofthemmltistr@qerpanelof=inite transverse
stiffness.— Foran infigurel(a)
buthavingseveral

idealizedpanelshilsrto that&own
stringers,relatimscorrespcmiLlngto

I

,

.

equations(1)

—
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end(2)canlewTittenforeachbay. Fora
figure3 (twostringersinthehalfqmnel),
simultaneousdifferentialeq.zaticns

&T2

— - ‘2%!32+ ‘1%2&#

panelsuchasthatshownin
theresultisa setoftwo

(lo)

wherethecoefficientsK areshilartiformtothecoefficientK
giveninequation(4)exceptthattheyinvolvethetidthoftheindividual
sheetbayandtheareasoftheadjacentstringers.
writtenintheform

Thesolutionmaybe

‘lx +C2e*‘1 = Cle 1
‘lx + C4e+S‘2 = C3e

I

Theconstentscm be determinedby standerdmethodstithoutdifficulty,
buttherathercumbersomeformulasarenotof sufficientinteredtobe
givenherein.An equivalentsolutionmaybe foundh reference3 h
slightly differentforrti(thedifferentialequationsarewrittenforthe
stringerforcesWeal. oftheshearstmesses).

Forpanelstithmorestr~ers (say3 to10 intheW-panel),
thestendardmethodsfordeterminingtheconstantsbecomeverycumbersme,
smdInatiematicalrefinamentsaredesirable.A largeamountofworkon
thissubjecthasbeendone,chieflyb England.Reference4 3-s
representativeoftheresultsobtainedandwasusedasbasisforthe
comparativeCalculationtobe shownsubsequentlyherein.Thestresses
areobtainedby summinga nuniberoftermsofsn infiniteseriesafter
thecoefficientsfortheseserieshavebeenobtafnedby solvinga
transcendentalequationforeachcoefficient;thecaqutaticmsarequite
le@@, p.rticulerlyforpotntsneartheti~ofthepenelwherethe
convergenceisslow.

Whenthenumberof strhgersbecomesverylarge,themostconvenient
methodofapproachisto assumethatthestr~rs arespreadoutinto

. ..- -. —— —.-— .. . . ..-. —...- —----- . . ...— —. . .. ——-. .._ —.- .—
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a “stringersheet”ofuniformthickness;thesetof simultaneousordinary ,
differentialequationsisthenreplacedby a partialclifferentialequation.
Thisproblemwassolvedby tivestigatorsin severalcountriesduring
thewaryears,tithresultswhichareeitherstrictlyequivalentorelse
tier onlyinminordetails.Thesolution@ven.inreference5 is
usedinthepresentpaperbecausethereferenceisreadilyavailableand
containsmorenumericallyccqutedcasesthantheothers.Thestringe~
sheetsolutionmaybeusedas anapproximationforpanelswitha finite
numberof stringers.Thestressina givenstr~er istakenas equal
to thestressinthecorrespondhgfiber(or“elmentalstringer”)ofthe
stringersheet;thesheerstresstna sheetbaybetweentwostringersmay
be similarlytakenastheshearstressinthestringersheetalonga liue
correspu tothemiddleofthesheetbay. ~ regimswherethe
shearstresschangesrapidlyinthechordwisedirection,somewhatbetter
resuitsareobtatiedby titegrat3ngthesheerstressinthestringer
sheetbetweentwolinescorrespmd3ngtothestringersboundingthe
sheetbayinquestion.Graphsad formulasbasedcmthesemethodsare
giveninreference6, andcomparisonstie by Britishinvestigatorsshow
thatthereisfairlycloseagreementwiththeresultsobtainedby
solvingsetsof shmil.taneousclifferentialequationslikeeqzatione(10)
whenthenumberofstr@ers inthehaJ.f_l isaslowasfive.

Veryfewattemptshavebeenmadeto extendanyofthesemathematical
methodstopenelswithmlable crosssection,andthecomputational
labortivolvedistoolargeto considerthemaspracticalmethodsfor
generaluse.

Thesubstitutesingle-stringer methodofanalyzingm.iltistriqqer
=“– D practice,theflangesofmltistringerpanelsarestrongly
taperedinordertoreducetheweight.Becausethemorerigorous
methodsofanalyzingmultistringerpanelsdiscussedinthepreceding
sectioncannotdealwithpanelsofarbitrarilyvariablesectionwithout
efcessivelabor,ifatall,a simplifiedmethodwasdevelopedandpresented
tnreference1. !l$ebasicideatithismethodisthatthedesignerneed
notknowall.thedetailsofthestressdistribtiioninthepanel.He
needstoknowprimarilytwoitems:themaximumshearstress,becauseit
deteminesthesheetthiclmessrequired,andtheshearflowalongthe
flenge,becauseitdeteminestherivetdesign;inaddition,hemustbe
ableto computetheflangestressinorderto insurethattheflangeis
nottaperedtoorapidly.‘15isinformationcanbe obtainedwitha fair
degreeofaccuracyby analyzinga shplified“substitutepanel”thatis
identicalwiththeactualpanelexceptthatallthestringerscontained
inthehalf+dth arecombtiedtitoa s-e stringer.Thechordwise
locationofthissubstitutestr@er hadtobe establishedby theoretical
oreqerhentaldata.

Theproceduregiveninreference1 wasasfollows.Infirstapproxi-
mation,thesubstitutestringerislocatedatthecamuoncentroidofthe
strin&s WWch
stringerpanel”
ofthestringer

it replaces.- 5e analysis ofthe“substitutesingle-
givesa firstappro-tion forthechordwiseaverage ●

stressesatallstationsalongthespan.Thechordtise

...— .—-— —.--— —--— ——. _———
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distributionofthesestressesisthencaputedbyuseofemassumed
dmplelawofdistrihqtion.Thechordwiselocationofthecentroidof
thestringerforcesisnextcalculated&d.usedas secondapprox.lmation
forthelocationofthesubstitutestringer,sadtheprocessisrepeated,
ifnecessary,untilthechangesbecomenegligible.

Testresultsshowedreasauableagreementwiththosecalculatedby
theforegoingprdcedure;however,becauseoftheaypro-te natureof
themethod.,theuseof successiveappro-tions appearsmmewhat
unjustified.A procedurew3JJ.thereforebe developedlaterinthis
palerforestablishingthelocationofthesubstitutestr~er directly.

.
Thesubstitutesingl-ringerpanelwitharbitraryvariationof

crosssectionalmg thespancenbe malyzedbymeansoftherecurrence
formla giveninreference7. Oneitemshouldbenotedthatisnot
coveredh thisreference.Theelementarysolutionisdef@edasthat
givingthenormelstresses

Now,if AF or AL (orboth)varyalongthespan,the“elementary
flangeforce”(theflangeforcegivenby theelementarytheory)

PAF
l?F=—

%

endthe(total) “elementarystr@gerforce”

wiU.alsovaryalongthespan.For*atic equilibrium,thisvariation
callsfor“elementarysheerflows”

(12)

TheseelementaryshearflowsmustYe addedtothosearisingfrcunthe
X-forcesoftheshemlag enalysismadeaccordingtoreference7.

Whenthearea AT (or AL) variesalongthespanly steps: .
formula”(U) wouldgivean infiniteshearflowthatacts,however,only
overan infinitesimallysmalld.istancf3alongthespan;theelementary
shearforceisther8foremathematicallyhieteminate.Physical

—-. —_—— .—-..—. ———— ——— —.. .———
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considerationoftheproblem
tionshouldbereplacedby a

suggeststhat theste~urve ofaxeamria- ,
ccmtinuouscurveforthepurposeofevaluattng

f ormla (12). H-the stepsareclosetogether,or mail-a faircurve
maybe clxawntorepresentthe“effective”variationofsxea. E the
stepssrenotclosetogethersndarelarge the“effective”qurvetill

~undoubtedlynotbe fair(thoughcontinuousbutthereisneithertheory
norexperimentalevidence@vailableatpresentto serveasa guidein
estimatingthiscurve.Itwillbe advisable,therefore,to avoidthis
uncertaintyby avoidinga largestepclosetothetipofthepanel,
wherethesheaxstressisa msx3mum.Theelementaryshearflowina
panelwithconstant+tressflangeanda ratio~ /AL equal.tounity
cmstitutes25percent-ofthetotalshearflow~t%e problemofestimating

()AZtheeffectivevalueof & ~ atthetipistherefcmeof some
importance.

.

Themaximumshearstressgobablys3.waysoccursh ti-esheetbay
adjacenttotheflange;consequently,fordesignpurposes,thereisno
apparentneedforfindingthechordwisedistributionoftheshear
stresses.Themaximumstringerstressmaybe eithertheuniformstress
existingata largedistancefrcmthetipofthepanelora localyeak .
closetothetipinthefirststringer.Ifthis10CS2peakshouldbe
ofdesigninterest,thestringerstressesinthetipregioncan%e
estimatedby theprocedureforchordwisedistributimgiveninreference1.

Theoryofsinglqringerpanelwithfinitetransversestiffness.-
Thesubstituteshgl~inger methodofanalyzingmultistringerpanels,
baseda thetheoryofthes-~ringer pnel ofinfinitetransverse
stiffness,hasbeenappliedquitesuccessfullyto a numberoftest
panels(references1, 2,andotherdata).Thisfactsuggetiedthatthe
substitutesingl~inger methodmightalsobeusedto developan
approximatetheoryforpanelstithfimite ~erse stiffness.

Thepanelisagainvisualizedas infigurel(a). TheaxialStiffneaq
oftheribsisnowassumedtobe finite:Becausetheribsme assumed
tobe infinitelycloselyspaced,theymaybe consideredasforminga
ribsheet;thethiclmess~ ofthissheetdefinestheextensicmal
stiffnessoftheribs. (Theribsheethas,ofcourse,zerolongitudinal
andsheerstiffness).At thetip,a specialribofcrossaectional
area AR isassumedto efist(fig.k(a),wheretheribsareshowna
finitedistanceapartforpracticalreasons).

A ribawayfrm thetiyisloadedby thedifferenceintheshear
flowsto eithersideofit (fig.4(c));thesedifferencesaremnd.1and
practicallyvanishat somedistancefromthetip. Thetiprib however,
isloadedby thew shearflowexistingatthetip(fig.k(b~)W
is,therefore,relativelyheavilystrained.Theeffectofftaite
tremversestiffnessmayconsequentlybe expectedtobe chieflya tip
effect,enda theorydevelopedforlongpanelsshouldbe adequatefor
mostpracticalneeds.

—. ——. .-—. — ---—— --—
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Theshear

wherethepart

stressT maybe consideredasmadeup oftwoprts

T=T?+T*? (13)

Tt is duetothelongitudinalstrains(flangeand
stringerstrains)andthepart T rT is duetothet
(ribstrains).

ransvers;strains
Theequilibriumeqpaticms(1)writtenforthepel

wifhWhite transversestiffnessremainunchanged,butequaticm(2)
mustbe changedtored

Asmentioned
betweentheshear

before,anyelementalribisloadedby thedifference
flowsto eithersideof it (fi~.4(c)).SWe the

shearfluwsareconstantbetweentheflange& ~e ~r&erj therib
stressincreaseslinearlyfromzeroattheflangeto a maxbmmatthe
stringer.Forconvenience,let q designatetheaver~estressina
rib;theribstressatthestringeristhen 2%. Theeqtiibrium
equationfora ribthenyieldstheexpression

Thetotal.extensionofa ribistherefore

(15)

(16)

Thederivativeofthisextensiondefinesa shearstrainalongthe
flange(fig.4(d))

.

Theshearstraindecreaseslinesrlyalongtheribto zeroatthestringer.
Thetheoryofthesingl~ringerpanelusedherein,however,requires
theassumptionthatthesheerstressieconstsntalongtherib;the
averagevalue(1/2) oftheshearstrainisthereforeusedto calculate
thepartoftheshearstresscausedby trensversestrainsas

.

—.—__._. .—_____ . . .__________ _ .— - - ... ——. —.,
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Differentiatingtwice,andletting

G%
q=a

d2Ttt 4d-r
—.a -

yields

dx=- ~4

Differentiationofexpression(14)gives

NACATNNO● 1728

(18)

(19)

whichcanle ~omned tiththeaidof
into

-)duL
ax

theequilibriumeqpation~(1)

(20)
dz~:
—= K2T
&

.
where K hasthesamemean3ngas givenbeforetnforrmla(k). H
equatiq (19)and(20)areaddedandthedefiningexpression(13) is
introduced,a slightreacmmgemntoftermsgivesthedifferential
equatian

Thisequationreducesto equation(3) for
stiffnessifitismultipliedthroughby
indefinitely.

= o

the psnel with
aand~is

(21)

infinitetransverse
thenincreased

Thesolutionoftheclifferentialequatimfortheinfinitelylong
panelis

‘lx +C2e+-r= Cle

wheretheconstantsK aredeftiedby

K~2= &(l + /=)

(22)

(23)

.

.

.

—.. —— -- -.—. . —.
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BecauseK’a isoften
whentheslideruleis
approximateon \

The constants Cl

%’=*(d==)
small,thecomputationof
used;thedifficulty

““K4+W)

.
(’4)

% W givetrouble
may be ~voidedby usingthe

(’5)

and C2 sre determinedfromtheboundary
Conditions. Oneconditionis,at x =

%P
=—
AF

y=o

Theotherconditionisthatthestrain
thestrainintheadjacentedgeofthe
adjacentelementslrib. Thestrainin
givenby theexpression

,

0,

inthetipribmustbe equalto
ribsheet,orthestraininthe
theti~rib (fig.k(b)) is

CrD 1Obt
.% =$=-G

andthestrainintheadjacentelementalribisobtainedbymodifying
expression(16)as

bt
()
g

%=-- ~R~O

Withtheseboundaryconditions,andwiththeauxiliaryparameters

P=-
EbAF

~ ?R+%$R
‘$+~~

1

(26)

,,- .. . .. -
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theconstsatsarefoundto be

.

●

c2=–

Foren infinitelystdff

c1=–w~

(27)

(28) -

tiprib (*- CO),theexpressims@~fY to

%y==; (29)

‘ K@ - M&a

cl = –7C2

Whenthereisno tiprib (~ = 0),

(30)

(3)

71=

c1. .-C2

andconsequentlyTo = OSas itmustbebecauseno shearstresscan
exist along a free edge.

Ihspecticmofthederivatiashowsthattheformulasareapplicable
to a panelwitha constant+tressfbnge if ~ istierstotitobe AFO
intheexpressionfor p end K isreplacedby Kt. IftheQheet
carriesdiscretetrens-versestiffenersofexea ~ d pitch d, me
thicknessoftheribsheet

t+

liesbetweenthelimits

Atr. Atr
~>’~z~ (32)

Theupperlimitapplieswhenthesheetisnotbuclled,thelowerlmt
whenthesheetisfullybuckled.Fora ‘bucldedsheet,thevalueof G
mustalsobereduced.Becausetheeffectoffinitetremsversestiffness

.

.’

.,-——. — — —- . — ———
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is localizednearthetip,transversestiffenersshould~robab~be
disregardedunlesstheirpitch d islessthen l~l. -

Iocationof substitutestriqq3r establishedby camperisontith
“rigorous”methods.–Thelocationofthesubstitutesinglestringermay
%e definedby theeqyession

where f isa factorlessthanunity”.h
factorona theoreticalbasis,comparative
numlerofnmltistringerpemelsasfol.lows.

\>>)

anattqmptto establishthis
calcul.atimsweremadefora
Wee typesofpemelswere

selected,eachty-pehavtngtwo,six,orinfinitely&y str-&gersh
theW+rtdth. Foreacht~e, ‘panelsoftwoproportionswereselected,
onepanelinwhichtheflangearea AF wasa fractionofthetotal
stringerarea AL andonepsneiinwhich AF wasa multipleof %“
Theratios~/AL chosenwerenotthessmeforalltyyesofpanels
lecauseavailableresultswereusedwheneverpossible.Foreachofthe
sixpenelsthu8selected,theshearstressalongtheedgewascomputed,
by a “rigorous”method(infinitetransversestiffnessbeingassumed)
endagainby thesubstitutesingl-ringermethodforthreeassumed
valuesofthefactorf. Thesheerstresswaschosenas.a basisofc-
perisoninpreferenceto theflangestressbecauseit isa moresensitive
criterion.(Theflsmgestressislmownfromelementarystaticsat
bothendsofthepanel;consequently,no theorycenerrverymuchonthe
flsngestress.)

Forthetwo-stringerpenel,equations(10)weresetup endsolved;
forthesix=stringeryanel,themethodofreference4 wasused,and,
forthestrhgersheet,themethodofreference5.

Theresultsareshowninfigure5. Forthetwo-stringerpenel
witha smallflsnge(fig.s(a)),f = 0.7 givesa veryclosea-pproxima–
tion(withina fractionofa percent);withthelsrgeflenge(fig.5(b)),
theerrorisabout4 percent,thesubstitutestigl~ringermethod
givingtheh@her shearstress.Forthesix-strtigerpsaelwitha
smallflange(fig.5(c)),f = 0.5 givesthebestapproximaticm,andthe
inspectionofthecurvesindicatesthattheagreementcouldbe brproved
byuseofa smallervalue~of f. Forthesix-strtigerpaneltitha
largeflemge(fig.5(d)), f = O.5 givesthebestapproximationforthe
msxinmmshearstress,althou@notthebestoneforthestressat some
distanceawayfromthetip.

. Forthestringersheet,therigoroustheorygivesan infhitesheer
stressatthetip. By thesubstitutestigl~ringer.method,thisvalue
cannotbe obtainedifa reasonableapproxhationtotherigorousshear
stressesatfinitedistancesawayfromthetipisalsotobe obtatied.
Thesingle+tr~ermethodinwhicha finitevalueofthefactorf is

— .-—. .—— —. ——. .— ___ .
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capableanlyofapproximatingtherigorousshearstressesovera
regim awayfromthetip(figs.~(e)andS(f))andyieldsthen

finitevaluesofmaximumshearstress.Iftheinfinitesheerstressof
therigoroustheoryweretobe obtainedhythesingle+tringertheory,
itwouldbenecessarytomakethefactorf eqyalto zero.

Ttieresultsmaybe.mmmaxizedasfollows:b orderto achievethe
bestpossibleagreementbetweenthemmdmumsh”earstresscalculatedby
thesubstitutesinglsstringertheoryandthatcalculatedby therigorous
theoriesbasedontheassumptimof infinitetransversestiffness,the
factor f shouldbetakenasabout0.7fortwo-str5ngerpanelsand
shouldbe progressivelydecreasedto zeroasthenmiberof stringers
goesto infinity.

Theprecedingcomparisonsareessentiallyofacademicratherthan
practical.interest.Actualpanelshaveonlyfin.itetransversestiffness,
andthefactor f wouldthereforebe deteminedbestby comparisons
withrigoroustheoriesbasedon‘theassumptio?loffinitetransverse
stiffhasswhichwouldelimhatethedifficultyofdealingwiththe
tofiniteshearstressesencounteredintheli.mithgcaseoftnfiuitely
manystringers.Unfortunately,theonly~heorlesavailable(references8
and9) requirelaboriouscalculatias,andexperhentslcheckswould
stillbe desirablebecausesimplifyingassumptionsaremadeevenh
thesetheories.Forthesereasons,furtherworkonthetheoretical
detemdnationofthefactorf wasabsadonedinfavorofa direct
empiricaldetermination.

Ehpiricd location of substitutestr@ eraandverificationof
theoryforfinitetransversestiffness.-Fortheempirical.deterdnation
ofthefactorf, shearstrainmeasurementsal.ongsi.detheflangesof
threepenilsof&m3tentsectionandtwopanelsofwriallesection
wereused. Theconstant-sectionpanels are shown in figure 6. PanelA
hadbeentestedpreviously(reference2). PanelB waslxzilttothe
samenominaldimensionsaspanelA, exceptthattheheavytipribwas
replacedby a verylightrib. Therigoroustheorybas+iontheaszmp-
tionofhfinitetransversestiffnessindicatesthatthenuniberof
stringersinthesepanelsissufficienttobe consideredas “large,”
h thesensethatthestressdistributiondoesnotdifferappreciably
fromthat3na panelwithan inftaitenuniberof str~ers,themain
clifferencebeingthefinitevalueofthepeakshearstress.However,
panelC wasbuiltinorderto obtaina directcheckforthislimitind
casa.TheshearstressesinthesheetweremeasuredwithTuckermsn
opticalstratigagesplacedas closetotheflangesasthegagelength
of2 incheswouldpermit.

Teatswerealsoavailableontwopanelswithtaperedflangesand
a smallnuniberof stringers(fig.7). These~els differedmainlyin
thatpanelD hadflangesmachinedfromonepiece,whi~e-theflangesof
panelE werebuiltup.

.— —T. . ..—. .— .—— ..= . ..—..,



NACATNNO.1728

Preklminmycalculationsforthe
madeasfol.lows.Threevaluesofthe

constant-sectiontestpanelswere
factorf (thesamethreethat

wereusedforthecmperismsinfigure5) werechosen.Fortheresult*
substitutesingl~inger panels,thesheerstresseswerecalculated
ontheassumptionofWhite aswellasfinitetran&ersestiffnesswith
thetheorydevelopedherein.

Preliminarycalculationsforthetapered-flangepnels D andE were
., slightlymoreinvolved.Thefirststepwasthecalculationofshearstresses

basedontheassumptionofinfinitetransversestiffnesslymeansofthe
recurrenceformulaendexpression(12).A “referencepanel”wasthen
introducedthatwasdmilertotheactualoneexceptthat,startingjust
leyondthetip,taperwasincorporatedintotheflangein sucha manneras
to giveconstantflangestress.Forthisreferencepanel,shearstressesT1
werecalculatedontheassumptionofinfinitetransversestif$nessand
stressesT2 ontheassumptionoffhite stiffness.Theratio72/Tlwas
thenusedto correctthesheers&essescalculatedtithefirststep.
Thismethodwasjustifiedby thefaotsthattheflangeshadroughlyconstant
stress* thatthecorrecticmfactorsdidnotditfergreatlyfromunity.

&pection offigures8(a),8(b), and8(c)showsthatemn thou~
thefactorf isvariedoverquitea tidermge (frma0.5to 0.9),the
curvescontractintoa rathernarrowbandat somedistanceframtheti~;
theyfenoutonlyinthetip r@on. !Chechoice of the factor must
“thereforebebasedchieflyoncomparisonsbetwemexperhentelend
calculatedstressesh thetipregims,a procedurewhichisalsodesirable
becausethelargeststressesexistinthetiyregion.Someconsideratim
shouldbe given,ofcourse,tothestrem3esintheremainderofthe
panels.

Thepreliminarycompsrismsshowedthata factorf = 0.7 gave
fairresultsforallfive eaels,althoughthreedifferentstringer

Tnumberswererepresentedn = 7 forpanelsA and B,n=~for
panelC,n = 3 forpanelsD and E). Ontheotherhand,theCOIU-
prisonswithrigoroustheoriesshowninfigure5 indicatedthatthe
factorshouldticreasewithdecreasingstringernumber,andfora (half)
panelwitha singlestringer,thefactorshouldlogicallybe equalto
unity,becausethesubstitutepanelshouldbe identicalwiththeactual
oneh thislimitingcase. (The“actual”panelrefenedto is,of
course,an idealizedoneinwhichthesheetcaviesonlyshear.) Closer
comparisonsbetweenthecurvesfor f = 0.7 emitheeqerimentalresults
tidicatedthattheagreementcouldbe improvedsomewhatbymakingf
variableinagreamentwiththeseconsiderations.Thetestdataare
inadequateto establiShf asa functionof n witha highdegreeof
accuracy,particularlywhen n isverysmall (n. 3 or 2). Fortunately,
thecalculatimsindicatethattheresultsarenotsensitiveto changes
in f,andpmelswithveryfewstringersareoflittlepractical
interest.As a tentativesolutim,theexpression

f= 0.65+ ~ (34)

.-. —.— --- . .. . . .— ——.._ ._ _ — ..- .— __ __— _



16 NACA

waschosenafterconsiderationwasgivento suchdifferences
betweenthetestresults-andthepreliminarycurvesbasedon

TNNo.1728

ae existed
f = 0.70

{Somejudgmentshculdbeusedwhentheratioof str~r areatono@–
stress~earingsheetareaisverymch lessthaninthetestpanels.If
a verysmallsimingerwereattached-atthecenterlineofpanel C,the
stressobvious~wouldchangeverylittle,and n shouldbe takenas
inf~ty ratherthanunityh expression(34).)

Figures8 and$ showthatthesolid–linecurvescalculatedwith
expression(34)agreequitewellnotonlytiththemeasuredpeakstresses,
butingeneralalsowiththemeamredstressesalongtieentirelengbhof
thecurves.ThehighestmeasuredstressinpanelA (secondtestpoint
fromtip) isabout4 to 6 ~ercenthigherthanthecalculatedstress,but
comparisonwiththefirstpointindicatestheprobabilityofa local
irre@lmityora testerror.of particularinterestisthecloseagree-
mentbetweenmeapuredandcalculatedstressesinpanelB withthevery
lighttiprib. Thedifferencebetwe=thecurvescalculatedforthis
penelontheassumptionofeitherinfiniteorfinitetransversestiffness
isverymarkedandindicatesthata shear-..theorysatisfactoryover
theentirerangeofdesignproportionscannotbe obtainedifthetransverse
stiffnessisassumedtohe infinite.l%nelB hasa lightertipribthan
islikelytobe encounteredinpractice;however,evenonpanelsA andC,
whichhavetipribsconsiderablyheavierthanlfielytobe foundin
practice,we effectoffinitetraneversestiffnessonthepeakshear
stressisappreciable(oftheorderof20percent).

,

,

,

Figure8(d) showstheflangestressesinpanelC. Thereisa
surprisinglylargevariationof stressoverthewidthoftheflange,
whichisonly1 inchwide;thev-ariatiadisappearsat a distancefrcm
thetipequaltoabout6 timestheflangewidth.

OnpanelsD endE, thecalculatedeffectoffinitetransverse
stiffnessonthepeakshearstresseswasfairlyamedl(figs.g(a)andg(b)),
andthecalculatedsimessesexceedthemeasuredstressesnearestthe
-1 tipsby 4 perc~ta 10percent,respectively.Thediscrepancies
canprobablybe attributedlargelyto a simplifyingassumptionimplied
inthetheory.Thetran6verseribshavea finitebendingstiffnesswithin
theplaneofthepanel;theyarethereforecapableoftransferringsome
loadfromtheflengetothestringers,andtheyrestraintheshear
deformationatthecornersofthepanels.Thisribeffectisneglected
by thepresenttheory;itwasmoreimportantinpanels,D andE theain
theotherpanelsbecausetheribswerestifferbyvirtueof -er .
length,greatersection,orboth.

h thecalculatimsshownforpanelsD and.E,thetransverseribs .

(otherthanthetiprib)weredisregarded.Calculationswerealsomade
ontheassumptionthatthematerialintheseribswasuniformlydistributed
spanwiseto equaldistancesoneithersidefromtheactuallocationof >

eachrib,withtheresultthatthevalueof ~ (thicknessof “rib-
sheet”)wasgreatlyincreased.ontheotherhand,thevalueof AR was,

I

- ——. .— ..— — -— ——. - –———. .
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.

decreasedlecausea partofthematerialintheactualtipribwas
assumedtobe spreadouttoformtheribsheetintheoutbosrdhalfof
thetiphay. (Thisprocedureap~earstobe themostlogicaloneand
wasalsosu~sted h reference9). Theincreasein ~ andthe
decreasein AR counteractedeachother,andthestresses calculated
inthismamnerwerepracticallyidenticalwiththoseshowninfigures9(a)
~a g(b).Ik general,suchcloseagreementbetweenthetwomethods-of
calculationcannotbe expected.Becausethefirsttransverseriblies
ata statimwherethesheartransferislargelycmpletedthefirst

)methodofcalculation(theribsleingentirelydisregsmiedisprobably 0
moreappro~iate.IYthepitchoftheribswere,say,5 inchesorless
ratherthem21 inches,thesecondmethodwouldseemmoreappropriate.

Figures9(c)and9(d)showtheflangestressesinpmels D andE.
Themeasuredstressesshownarethoseonthetopsurfaces;the“feather
edge”ofeachstrapcarriesmly a lowstressbecausethefirstrivetis
notstiffenoughtotransmitthefullloadtothestrap.Jmvestiga.tion
ofthis“she~lageffect”withinthepackon otherpanelshasshownthat
theaveragestressinthepackagreeswellwithf+hecalculatedstres~;
thedeficiencyof stressintheoutermoststrapsiscompensatedby an
excessintheinnermoststrapswhichhasbeenfoundtobe ashighas
30percentinpacksofsmewhatsimilarproportims.

CONCLUSIONS

Themethodofcslculathgshear-lageffectsinaxiallyloadedpanels
bymeansofthepreviouslydevelopedconceptofthesubstitutesingl-
stringerpanelisimprovedintworespects:

(a)Thewidthofthesubstitutepaneliscalculatedby anempirical
formulawhichelhdnatesthesuccessiveapproxh@ionprocedureused
previously.

(b)A methodfortakingtito
isintroduced.

Testresultson”threepanels
numberof stringersagreedwithin

accountfinitetransversestiffness

ofconstmntsectionhav5nga “large”
4 percentwiththecalculations.On

twopanelswithtaperedflangeshavingmil.y3 stringersinthehalf-panel,
thecalculatedpeaksheerelressedexceededthemeasuredvaluesby
4 percentand10percent,respectively.

LangleyAeronauticalLaboratory
NationalAdvisoryComitteeforAeronautics

LangleyField,Va.,August16,I-948
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